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Three-Dimensional Discrete Ordinates Method
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A complete transient three-dimensional discrete ordinates method is formulated for the first time to solve
transient radiative transfer in a rectangular enclosure containing nonhomogeneous media that absorb, emit, and
scatter. Twofold validation of the transient method is obtained: First, there is an excellent agreement between
its results at long time stage with several steady-state solution methods. Second, the transient predictions of
transmittance and reflectance compare very well with Monte Carlo simulations. The sensitivity and accuracy of
the transient method against the sizes of time increment and grid cell and angular discrete order are examined.
The false radiation propagation and numerical diffusion associated with the differencing schemes are discussed.
Calculations show the behavior of the wave nature of propagation of transient radiation. The transient behavior
of radiation is found to be influenced by many parameters, such as the boundary conditions, the optical thickness
of the medium, the scattering albedo, and the incident radiation pulse width. Duhamel’s superposition theorem is
also applied to obtain the transient response to different temporal input pulses.

Nomenclature
A = area
c = speed of light
E, = blackbody emissive power
G = incidentradiation
H(t) = Heaviside unit step function
1 = radiation intensity
L,H,W = Ilength, height, and width
N = angular discrete order in Sy approximation
n = number of angular discretization
[0} = radiative heat flux
R = reflectance
r = position vector
S = source term
T = transmittance
t = time
t, = pulse width
Vv = volume
w = angular weight
X, ¥,2 = space coordinates
y = weighting factor
At = time step
Ax = gridsize
E,n, 1 = direction cosines
o = reflectivity
o, = absorption coefficient
o, = extinction coefficient
oy = scattering coefficient
P = scattering phase function
w = scattering albedo
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Subscripts

d = downstream

P = control volume index

u = upstream

w = wall

Superscripts

) = control angle index

* = dimensionless quantity

I. Introduction

NTEREST in the study of transient radiative transfer has been

increasing in recent years mainly because of the applications
of short pulse lasers in a variety of engineering and biomedical
problems, such as laser ablation,' optical tomography,? laser-tissue
interaction,? laser material processing of microstructures;! and oth-
ers. The transientnature of radiation transportin such applicationsis
introduced via the inclusion of time derivativein the radiative trans-
fer equation that accounts for the speed of radiation propagation.
Some unique features associated with the transientradiation are be-
ing exploited and becoming well known, such as the thermal wave
induced by pulsed laser heating® and the broadening of reflected
and transmitted pulses after a laser pulse passes through a scattering
medium.® Besides these emerging technologies, transient radiative
transferis also of significantin traditionalapplications,for instance,
in astrophysical radiation hydrodynamics,” where the physical do-
main is very large. Note that the transient radiative transfer in the
present study includes not only the transient boundary conditions
as is done in the traditional concept of transient transfer,® but most
important, it also incorporates the effect of radiation propagation
speed in the governing equations.

The transient effects due to the speed of radiation propagation
are only important for times of the order the characteristic time
of travel of radiation along a characteristic path length within the
geometry under consideration. A typical order of magnitude of this
characteristic time can be estimated by dividing the characteristic
length with the speed of propagation (which is the speed of light
in the particular medium). For applications such as tissues where
the characteristic length varies from few millimeters to dozens of
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millimeters, the corresponding characteristic time is of the order
of 10-100 ps. With the advent and utilization of lasers with pulse
widths as short as 5 fs, the inclusion of the effects of propagation
speed are needed for such applications.

Another characteristic of ultrashort pulse applications is that
emission from the media can be neglected and each medium can
be considered to be a cold medium. This is due to the small amount
of energy deposited per pulse, which is not enough to raise the
temperaturesignificantly,and any emission can be neglectedin com-
parison to the intensity of the scattered incident pulse. Additionally,
any emission from the medium will be at higher wavelengths due
to the low medium temperatures and need not be included in the
monochromatic analysis conducted at the wavelength of the laser.
Heat diffusion and heat capacity are also not significant at the short
timescales considered.

The modeling of three-dimensional radiative transfer is usually
a formidable task even in steady state because it involves solving
integro-differential equations. The addition of the transient term
in transfer equation further increases the complexity of modeling.
There are mainly two categories in the modeling of transient ra-
diative transfer, namely, the stochastic approaches and the deter-
ministic. The stochastic Monte Carlo method is usually adopted for
the simulation of short pulse laser propagation because it avoids
the handling of the complicated integro-differential relationship, is
flexible to deal with realistic physical conditions,and is algorithmi-
cally simple. Wilson and Adam® were among the first to study the
propagation of light in tissue using the Monte Carlo model. After
that, a number of researchers employed the Monte Carlo method in
the study of transient laser radiation transfer.’ Recently, Guo et al.®
have developed the Monte Carlo method for multidimensional ge-
ometries thatincorporatesthe Gaussian temporal and spatial charac-
teristics of lasers. The shortcomingsof the Monte Carlo method are
that it is time-consuming and that the results are subject to statisti-
cal error due to practical finite samplings. In brain tumor diagnosis,
for example, the nondimensional optical thickness of the tissue is
usually over 100, the ballistic component of the laser beam passing
through the tissue is then in the order of e~'%, which is too small
to be captured precisely by the Monte Carlo method even with the
use of a huge number of samplings.

In contrast, the deterministic approaches do not suffer such de-
fects. Among the several deterministic methods adopted in the so-
lution of transient radiative transfer, Rackmil and Buckius'® pro-
posed the adding-doubling method to solve transient response of a
medium with a unit-step external source. Kumar et al.!' employed
the P, model to solve the parabolic and hyperbolic one-dimensional
transient transfer equation. Mitra et al.'> further developed the P,
model to a two-dimensional rectangular enclosure. More recently,
Mitra and Kumar'?® examined the discrete ordinates method, the
P, and P; models, diffuse approximation, and two-flux method for
short pulse laser transport in one-dimensional planar medium and
foundthatthe discreteordinatesmethod predictsmore accuratetran-
sient results. After that, Tan and Hsu'* and Wu and Wu'> separately
developedintegral formulationfortransientradiativetransferin one-
and two-dimensionalgeometries. Guo and Kumar'® extendedthe ra-
diation element method to transient radiative transfer. The discrete
ordinates method has been applied to study short pulsed laser in-
teraction and transportin two-dimensional enclosures of biological
tissues.!” However, a literature survey reveals that no discrete ordi-
nates method is available for solving the transient transfer equation
in three-dimensional configurations.

Significant progress has been made in the developmentof solving
three-dimensional steady-state radiative transfer in recent decades.
Examples are the Monte Carlo method,'® the discrete ordinates
method," the finite volume method,® the YIX method,?' the P;
model,”? and the radiation element method (REM),? to name a few.
Among them, the discrete ordinates method (DOM) has been one
of the most widely applied methods because it requires a single
formulation to invoke higher-orderapproximationsof discrete ordi-
nate quadrature sets, integrates easily into control volume transport
codes, andis applicableto the complete anisotropicscatteringphase
function and inhomogeneous media.

In the present study, the DOM is formulated for transientradiative
transferin three-dimensionalrectangularenclosures that contain in-
homogeneousabsorbing,emitting, and scatteringmedia. The result-
ing transient DOM (TDOM) is validated by comparing with Monte
Carlo simulations and by comparing the long-time results with pub-
lished steady-state values for selected cases. Excellent agreement
is found in all cases considered, instilling confidence in the TDOM
model developed.

To test the TDOM method, the cases considered are simple hypo-
thetical ones. They are chosento have the smallestnumber of param-
eters so that the TDOM method and its features can be highlighted
and comparisons with other methods can be made without being
obscured by large number of parameters and their possible range of
values.Itis for thisreason that simple boundary driven and volumet-
ric source driven problems are studied. Specifically, the two cases
consideredare the study of transientand steady behavior of radiative
heat transfer in a three-dimensionalenclosure with cold walls and a
cube with inhomogeneousmedium that is instantaneouslyheated at
the first instant of the problem. The first case is a simplified depic-
tion of laser irradiation being treated as a boundary condition, and
the second is chosen primarily to compare with benchmark steady-
state results published >' Detailed models related to thin collimated
pulsed laser beams are not considered in this first study of TDOM
because they would introduce several additional parameters that
should be considered only after the method has been established.

The influences of the sizes of time step and cell grid and the
angular discrete order in the TDOM method are examined. New
concepts, not occurring in steady-state DOM are introduced, such
as time step limitation and wave nature. False radiation propagation
associated with finite differencing numerical implementation of the
wave characteristics associated with the hyperbolic nature of the
transient radiative transfer equation is discussed. The influences of
optical thickness, scattering albedo, boundary reflectivity, and inci-
dent pulse width are scrutinized. Duhamel’s superposition theorem
is applied to obtain the transient response of pulsed radiation and is
validated by comparison with the results from direct simulation of
pulsed radiation.

II. Mathematical Models

A. Transfer Equations
In a three-dimensionalrectangular enclosure as shown in Fig. 1,
the transient radiative transfer equations in discrete ordinates form
can be formulated as
181’+,81’+,81’+,81’+ It g
——+& —+n — —+ol =017,
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I=1,2,....,n (1)

where £/, n', and u' are the three direction cosines in a discrete
ordinate direction§’ and I' is the radiation intensity in the direction
and is a function of position (x, y, z) and time . The extinction
coefficient o, is the sum of absorption coefficient o, and scattering
coefficiento,. The speed of lightin the mediumis c. ' is the radiative
source term and can be expressed as
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where scattering albedo w = o, /o, and ® represents the scattering
phase function ® (§' — §'). A quadrature set of n discrete ordinates
with the appropriate angular weight w!, [ =1,2, ..., n, is used in
the Sy approximation®? and n = N (N + 2). The scattering phase
function may be approximated by a finite series of Legendre poly-
nomials as

M
o' =Y CiPi(cosg™) 3)

and the argument can be obtained as
Coswilzgi.§/:§i§/+nin/+uiul (4)

The C, are the expansioncoefficients of the correspondingLegendre
functions P;. For isotropic scattering phase function, ®/ =1.

The enclosure walls are assumed to be gray and diffusely reflect-
ing. The diffuse intensity at the wall of x =0 is

n/2

= (1= Pl + 22D ' 1'E" s)

gl <0

where p,, is the diffuse reflectivity of the wall surface. Similarly, the
relationships for the rest five walls can be set up.

Once the intensity field is obtained, the incidentradiation G, the
net radiative heat fluxes Q., Q,, and Q., and the divergence of
radiative heat flux V - ¢ can be calculated as

G:Xn:wlll ©6)

=1
:Xn:flwlll, 0, ZXn:n’w’I’, sziﬂl w'l!

=1 =1 =1

(7)
V.q=«k(4E, - G) ®)

where E, is the blackbodyradiative emissive power of the medium.

In boundary-driven problems in which a wall is the source of a
suddenly imposed (at = 0™) emitting power Ej, the reflectance at
the incident wall x =0, and the transmittance at opposite output
wall, x = L, are defined as

n/2

Rz =920 E’O’”)Z|g|w1(x—0 ¥,2,1)
0 §[<0
T(y,z,1) :Q*(XZE—I;th) ©)

Note that all of the variables are time dependentin the present study.

B. Duhamel’s Superposition Theorem

Duhamel’s theorem is popularly used in the solution of heat con-
duction problems with time-dependentboundary conditions and/or
time-dependent heat generation by relating them to the solution
of the same problem with time-independent boundary conditions
and/or heat generation. The descriptionof the theorem can be found
in heat conduction textbooks.?® Here we apply Duhamel’s theorem
to the solution of transient radiative transfer problems with time-
dependent boundary conditions.

Consider a space region: One part of the boundary of the region
is subject to a time-dependentradiation pulse f (). (It can be of any
form, either continuous or discontinuous.) The remaining portions
of the boundary and the medium in the region are cold. Let 6(r, t)
be the solution of the same problem with the assumption of a time-
independentunit step radiation pulse on that boundary. Here, 6(r, t)
could be reflectance, transmittance, surface heat flux, and/or diver-
gence of heat flux. Duhamel’s theorem relates the solution ®(r, t)

of the problem subject to the time-dependent pulse f(¢) to O(r, t)
which is the solution of the problem subject to a unit step radiation
at time # = 0 by the following integral expression?®

o, t):/ f(r)w dr (10)
=0

If the boundary is subject to a square radiation pulse, that is,
f@)y=H@) —H@ —1,) an

the solution of the time-dependentpulse responseis simply obtained
as

O, 1) =0, 1) —0@,t—1t,) (12)

Note that Duhamel’s theorem can only be applied to linear sys-
tems. The transient radiative transfer equation [see Eq. (1)] is lin-
ear when only the radiation intensity is considered as is done in
the cases studied in the present paper where emission is neglected.
Because most transient radiative transfer problems deal with ul-
trashort timescales and address the propagation of pulsed radiation,
the medium emissionis usually negligible, or the temperature of the
medium is treated as unchanged during the very short time of the
application. Thus, Duhamel’s theoremis generally applicable to ul-
trafast laser radiation propagation.

C. Numerical Schemes

To solve the transfer equation (1) in discrete ordinates method,
the enclosure is divided into a number of small control volumes in
an orthogonal grid. With the exception of the transient time term,
Eq. (1) has been spatially discretized in multidimensional rectan-
gular configuration by many researchers.”?* With the addition of
discretization in timescale, the transfer equation can be expressed
as

(V/CAt)(I;’ - I;’O) + |§ |(A\”Iiu - A\dlxl )+ |n |( yu w - A,le}/'d)

1 (A, = Aul!) =0p V(=15 + %) (13)

whereA,, = A =AyAz, Aw =Ay s =AxAzZ, A, = Ay =AxAy,
and V=AxAyAz. I’ I , and I’d are the radlatlon intensities
on the downstream surfaces in the §' direction. I/ , IW, and I,

are those on the upstream surfaces in the direction. Subscript P de-
notes the nodal of the control volume. 7} is the radiationintensityin
the previous time step. A zero initial intensity field is assumed in

the present study. S, is calculated from Eq. (2) as

sh=(1 —a))lbp+%2wid>” I (14)

i=1

To solve Eq. (13), the weighted finite differencing scheme is usu-
ally used to relate the radiation intensities on the cell surfaces with
those at the cell centers:

Ip=yi L+ —=yDL, =y L, +0—=y)I,

=y 1, + 0 -yhHi, (15)

For the determination of the values of Welghts vl y and y’ the
positive scheme proposed by Lathrop? is applied in the present
study:

&1/ Ax )
16
U ay A 1o.) 16

y! = max (0.5, 1-

In'l/Ay
Qe Bx +121/50) T ae) (160)

y}’, = max (0.5, 1—
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|/ Az )
16
2081/8x + /oy 0. ) (169

y! = max (0.5, 1-

The final discretizationequationforthe cellintensityin a generalized
form becomes

Il

_ (1/eADIP + 0,8, + (E'/yi AL, + (' | [y, AT, + ('l /y! AT,

III. Comparison with Published Steady-State
Benchmark
As discussed earlier, one of the cases selected for study is a unit
cube considered by Hsu and Farmer?' as a benchmark for com-
parison of steady-state results. To validate the present method, the

an

g 1/cAt +a, + [E'l/y!Ax + [ /v Ay + 1]/ Az

Equation (15) is used to solve for the downstream boundary in-
tensities, with the nodal intensity obtained from Eq. (17). When
compared with the conventional DOM forms in steady-statetransfer
problems, the TDOM forms have introduced the time discretization
terms in Eq. (17), and all of the variables there may be time depen-
dent. When the time step is set to be infinitely large, the transient
formulation asymptotes to steady state. Hence, the present formu-
lation is feasible for the analyses of both transient and steady-state
radiation transfer.

The present formulation has first-order accuracy in the time and
spatial domains. This ensures that the numerical results would not
be oscillatory. However, such a treatment induces strong numerical
diffusion. Such characteristics have been broadly discussed in the
solution of wave equationsin conventional computational fluid dy-
namics (CFD).2® To minimize the numerical diffusion, the spatial
grid and the time step are required to be as fine as possible. As
a result, this increases CPU time. There should be a compromise
between computation cost and the refinement of spatial and time
grids.

Fiveland suggests that the spatial differential step satisfy the

conditions'®??

Ax < |§l|min/ae(1 - VX/)7 Ay < |nl|min/ae(1 - V‘/)

Az < |/Ll|min/08(1 - Vz/) (18)

For transient analysis, a condition on the time step should
also be imposed. Because a light beam always travels in the
speed of light ¢, the traveling distance c At between two neigh-
boring time steps should not exceed the size of cell grid, that
is, cAt < min{Ax, Ay, Az}. If we define dimensionless variables
t*=ct/L,x*=x/L,y*=y/L,and z* =z/L, we have

At* < min{Ax*, Ay*, Az*} (19)

The time step condition of Eq. (19) is relatively easier to be satis-
fied. As pointed out by Fiveland,> however, it may not be practical
to satisfy Eq. (18) due the limitation of computer memory. Par-
ticularly in three-dimensional configuration, the radiation intensity
is not only a function of three spatial dimensions but is also dis-
cretized in the angular direction. In the case of S|, quadrature, for
example, the angulardimensionis as large asn = 12(12 4 2) = 168.
That is equivalent to the solution of 168 coupled equationsin three-
dimensional CFD.

The choice of quadrature scheme in DOM method is arbitrary
and studies on the quadratureselectionhave been made by a number
of researchers? In the present study, the quadrature sets and cor-
responding angular weights are taken from the code TWOTRAN?
for S;, and S approximations.The quadraturesets and correspond-
ing angular weights for Sg and S)» approximationscan be found by
Fiveland.> In general, the S}, approximationis adopted in the cal-
culations if not specifically mentioned.

In the present computations, a personal computer with one CPU
of Pentium III 500-Hz xeon was used. It takes several minutes to
dozens of hours in calculation depending on the specified problem
and the size of grid.

TDOM approachis first applied to a similar unit cube, which con-
tains inhomogeneousmedia. The distributionof the inhomogeneous
nature is represented by the variation of the optical thickness in the
media that was selected by Hsu and Farmer?' and is given by

¥ — 0.5 ly — 0.5 2= 0.5]
—af1 - - - b
-0 ”Q 0.5 )Q 0.5 )Q 0.5 )+

(20)

The constantsin Eq. (20) are givenasa = 0.9 and b =0.1. The walls
are cold, black, and diffuse. To compare our transientpredictionwith
the existing steady-stateresults from the literature 2! we assume that
aunity blackbodyemissive power be instantaneouslyassignedto the
hot media. Although such a physical case can be taken to be unreal-
istic for transientradiation, its purpose is for numerical comparison
with the published benchmarkresults. Two cases are selected for the
present study: case El, purely absorbing-emitting media (w =0)
and case E2, absorbing, emitting, and isotropically scattering media
(w=0.9). In all computations in this subsection,a 9 x 9 x 9 cubic
grid with a uniform control volume width (Ax* = Ay* = Az* = %)
is adopted. The surface heat flux and divergence of heat flux are to
be evaluated as a function of time.

The temporal behavioris shown in Fig. 2 for the case of E1. The
effect of the size of time step is examined. It is seen that, as time
proceeds, the divergence of heat flux (at the center of the cube)
decreases and gradually reaches a constant value, while the sur-
face heat flux (at the location x =z = 0.5, y =0) increases but also
reaches a constant value. Both the constant values of surface heat
flux and divergence of heat flux are the solutions of the TDOM at
steady state, and it is observed that the constant values at the long
time stage are not affected by the size of the time step. However, the
size of time step does affect the transient behavior of surface heat
flux and divergence of heat flux. It is found that when Eq. (19) is vi-
olated, that is, when At* > Ax*, such as in the cases of At* =0.15
and 0.30 (for Ax* = é =0.111), steady-statevalues are reached that
match all others. However, the errors in the transientregime are sig-
nificant, and the predicted heat flux and its divergence deviate from
those predicted by smaller time steps. The temporal development
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g ot . 10158
Sasl\ ———— At'=0.30 o
T T N At =0.15 g
e A Ar=006 |, O
234l Yf At*=0.03 2
> AN === At* = 0.003 -
e /X 1005 &
2 a5l AN Jo.
O s2r N Steady value = 3.0861 |
\:3::“\{3‘_\ = /
3 i i 1 1 ] O
0 0.5 1 1.5 2 25
t* = ct/L

Fig. 2 Effect of time step on the temporal distributions of radiative
heat flux and divergence of heat flux in a unit cube with hot media.



GUO AND KUMAR 293

Table1 Comparisons of divergences of radiative heat flux along
the centerline (y = z = 0.5) for steady state between present TDOM
and published YIX and MC?!

Case E1 Case E2
Position TDOM YIX MC TDOM YIX MC
0 3.0885 3.0366 3.0981 0.38930 0.38842 0.39192
1/9 2.5325 2.4963 2.5364 0.31224 0.31163 0.31433
2/9 1.9778 1.9566 19836 0.23517 0.23482 0.23482
3/9 1.3817 1.3721 1.3874 0.15755 0.15739 0.15866
4/9 0.72452 0.72219 0.72910 0.079171 0.079120 0.079740

Table 2 Comparisons of radiative heat flux at surface (y =0,z = 0.5)
for steady state between present TDOM and published YIX and MC?!

Case E1 Case E2
Position TDOM YIX MC TDOM YIX MC
0 0.19523 0.19291 0.19260 0.022174 0.021920 0.022020
1/9 0.18557 0.18569 0.18552 0.021022 0.021070 0.021030
2/9 0.16672 0.16619 0.16729 0.018788 0.018770 0.018920
3/9 0.14143 0.14171 0.14125 0.015840 0.015890 0.015640
4/9 0.11143 0.10872 0.10959 0.012420 0.012140 0.012190

with increasing time is slower for the large time step cases. When
At* < Ax*, converged transient results are found for the selected
three cases (At* =0.06, 0.03, and 0.003). The differences between
the predictions of At* =0.03 and 0.003 are slight in the transient
domain.

The divergences of radiative heat flux along the centerline
(y=2z=0.5) and the surface radiative heat fluxes at the surface
(y =0, z=0.5) predicted by the TDOM at long time are compared
with the published data of steady-state solutions by the YIX and
Monte Carlo (MC) methods?! in Tables 1 and 2, respectively. The
transientdivergences and heat fluxes reach steady-stateresults very
quickly,in less than t* = 2. The differences between the TDOM and
steady-state YIX and between the TDOM and steady-state MC are
generally less than 1%.

IV. Results of Numerical Implementation
and Parametric Sensitivity

The simplified, reduced parameter, physical case of a three-
dimensional geometry in Cartesian coordinatesis consideredin this
section, where one wall is hot and the others are cold. The ho-
mogeneous scattering medium is also cold. This configuration is a
simplified depiction, where the hot wall represents a laser source
that is treated as a boundary condition. This case is chosen because
it is the simplest one that permits sensitivity studies of intrinsic pa-
rametersrelated to numericalimplementation,such as discretization
intervals and number of ordinates, to be conducted without being
obscured by other parameters related to lasers, etc., that would be
needed to achieve a more accurate descriptionof the laserincidence.

A. Cube with One Hot Wall

In this subsection, transient transfer is investigated in a unit
cube with one hot wall, at x =0, of instantaneously assigned unity
blackbody emissive power representing the sudden incidence of
a laser pulse. The homogeneous medium is purely scattering and
cold. The remaining walls are black and cold. As already indi-
cated, the physical model addresses the ultrafast laser propaga-
tion in material by treating the laser as a boundary condition via
a transient hot wall. The unit cube is divided into either 9 X 9 x 9
cell grid with Ax* = Ay* = Az* = % or 25 x 25 x 25 cell grid with
Ax*=Ay*=Az"=0.04.

Figures 3 and 4 show the effects of control volume size and time
step on the temporal distributions of transmittance and reflectance,
respectively. The transientpredictionsby TDOM are compared with
that by the MC method. The MC results in Figs. 3 and 4 are cal-
culated based on the transient algorithm developed by the authors .
It is seen that both the transmittance and reflectance converge to

0.15 T T T
Unit cube with 1 hot wall -
3 g l=1 i -
) w= e AX* = 0.04
= 57, ¢ x*=0.
E 01} r=0
@
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2 0.05 | 1 :
[} i/
c '
e -fi Monte Carlo
~ !
! atx=1,y=z=0.5
0'.-‘1:....\....|....
0.5 1 1.5 2 2.5

t=ct/L

Fig. 3 Influences of timestep and spatial grid on the temporalbehavior
of transmittance in a unit cube with one hot wall.
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Fig. 4 Influences of time step and spatial grid on the temporal profile
of reflectance in a unit cube with one hot wall.

constant values at the long time stage. Such constant values are
independent of the size of time step but depend on the control vol-
ume grid. However, the differences of the constant values between
the Ax*=0.04 grid and the Ax* = % =0.111 grid are not appre-
ciable. The differences of the constant values between the TDOM
and MC predictions are in the range of 5 ~ 15%, and the difference
is more obvious for transmittance. This may be caused by the ray
effectassociated with the DOM method as explainedin steady-state
analysis?

In Fig. 3, it is obvious that the transient behavior of transmit-
tance is strongly affected by the grid division and time step. The
transient transmittance predicted with the grid of Ax* = é =0.111
rises faster than that of Ax* =0.04. This is because the use of finite
differencing scheme in Eq. (15) that relates the intensities at cell
surfaces with those at cell centers assumes an infinite speed of radi-
ation propagation. The larger the control volume size, the stronger
is the false radiation propagation. Numerical diffusion also exists
due to the spatial and temporal discretization in the transfer equa-
tion. The larger are the sizes of time increment and control volume
grid, the more intense is the numerical diffusion. To minimize the
numerical diffusion, it is better to use a finer grid and a smaller time
step. However, even in the case of Ax* =0.04 and Ar* =0.006 as
shown in Fig. 3, the numerical diffusion phenomenon still exists.
The numerical diffusioncannotbe eliminated no matter how fine the
spatial and temporal grids are. It is found that the TDOM method
cannot capture the abruptrise of transmittancein the very early time
periodas predictedby the MC method. Such characteristicsare very
similar to the solution of wave equationsin CFD.?® As expected,no
oscillations occurred in Figs. 3 and 4.

The influence of numerical diffusion is not so severe on the tran-
sient profile of reflectance as shown in Fig. 4. The transientdistribu-
tion of reflectance predicted by the TDOM matches closely to that
by the MC method. There might be two reasons. One is that the ray
effectis not as strong in the hot wall as compared with the opposite
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Fig. 5 Influence of angular discrete order on the temporal profile
of transmittance in a unit cube with one hot wall.
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Fig. 6 Profiles of radiative heat flux along a sidewall at several time
instants reflectance in a unit cube with one hot wall.

cold wall. Anotherreasonis because the reflected radiationfrom the
hot wall does not have to travel a long distance as does the transmit-
ted radiation, so that the development of numerical diffusion with
advancing the time and increasing the spatial distance is weaker.

The ray effect due to the finite discretization in the angular di-
rection is usually stronger for transmittance in boundary-driven
problems. To examine the ray effect in TDOM, the temporal pro-
files of transmittance predicted by various discrete approximations
are compared in Fig. 5. The number of discrete ordinates asso-
ciated with the Sy approximationis n =N (N + 2), for example,
n=16(16+2) =288 for ;5. With the increase of discrete order N,
the number of discrete ordinates, as well as the required CPU time
and memory, increases, and the ray effectbecomes weaker. It is seen
from Fig. 5 that the S;s approach matches the MC simulation the
best, whereas the Sg has the worst match in the transient domain.
However, it is observed that the increase of discrete order has no
obvious effect on the improvement of false radiation propagation
and numerical diffusion.

The profiles of surface radiative heat flux along one centerline
in a sidewall (y =0, £ =0.5) are shown in Fig. 6 for several time
instants. As time elapses, it is seen that the surface heat fluxes in-
crease and gradually reach constant values at the long time stage.
The heat flux decreases as the location proceeds from smaller x
(near the hot wall) to larger x. At early time instants, for example,
t*=0.15, 0.45, and 0.75, it is seen that the heat flux is zero at lo-
cations x* > 1* because the radiation propagates with a speed of ¢
andx* =x/L =ct/L =t*. The trait of wave propagationassociated
with the transient transfer analysis is clearly embodied. The small
nonzero values in the locations x* > ¢* are caused by the numerical
diffusion as mentioned earlier.

B. Three-Dimensional Rectangular Enclosure with One Hot Wall

In this subsection, a parametric study is shown in Figs. 7-10 in
a rectangular enclosure with H =W =L /2. The wall at x =0 is
suddenly subject to a laser irradiation that is treated in the model
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Fig. 7 Effect of optical thickness on the temporal profile of transmit-
tance in a rectangular enclosure.
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Fig. 8 Effect of scattering albedo on the temporal profiles of transmit-
tance and reflectance in a rectangular enclosure.
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Fig. 9 Effect of surface reflectivity at sidewalls on the temporal profiles
of transmittance and reflectance in a rectangular enclosure.

as a hot wall boundary condition. The medium and other five walls
are cold. The hot wall, that is, subject to the incidence of laser,
and the opposite output wall are black. The other four sidewalls
are gray and diffuse with diffuse reflectivity p. The properties of
the medium are homogeneous. In the calculations, the enclosure is
divided into 50 x 25 x 25 cell grid (Ax* =0.02) and the time step
is At* =0.006.

Figure 7 shows the temporal profiles of transmittance at the lo-
cation x =1, y=z=0.5 for several selected optical depths. The
optical thickness of the enclosure increases with the increase of
the extinction coefficient of the medium. As the optical thickness
increases, it is seen that the value of the transmittance decreases
dramatically, the transmittance rises at some delayed time instants,
the rising of the temporal transmittance becomes smoother, and the
time needed to converge to a constant transmittance is longer. Such
phenomena were explained by the increase of multiple scattering
evens in MC simulation$
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Fig. 10 Temporal distributions of transmittance subject to different

incident radiation pulses: comparison between direct pulse simulation
and use of Duhamel’s theorem.

The influence of scatteringalbedois demonstratedin Fig. 8, where
the temporal distributions of transmittance and reflectance at the
locations y =z =0.5 are plotted for three selected values of scat-
tering albedo. As expected, the magnitudes of transmittance and
reflectance are strong functions of scattering albedo. With the de-
crease of albedo by 10% (from w =1 to w =0.9), the value of the
transmittance at a long time instant decreases by nearly 50%. The
decrease of scattering albedo also shortens the converging time, that
is, the time when the transmittance and reflectance reach constant
values. However, at early rising time period, the influence of scat-
tering albedo is not obvious.

The effect of boundary condition is examined in Fig. 9, where
three values of diffuse reflectivity at the sidewalls are chosen for
comparison. In the case of p = 0, the sidewalls are black and absorb
all incident radiation. When p = 1.0, the sidewalls do not absorb,
but do reflect all incident radiation. It is seen that when the side-
walls are black, the temporal variation periods of transmittance and
reflectance are much shorter than those when the sidewalls reflect
radiation. With the increase of reflectivity in the sidewalls, the tem-
poral variations of the transmittance and reflectance become longer
and longer. In the case of p = 1.0, the transient profiles reach con-
stant values very slowly, and the constant values are much larger
than those of p=0and p =0.5.

Finally, the transient transfer analysis of pulsed radiation is in-
vestigated in Fig. 10. The hot wall is subject to a square pulse with
dimensionless pulse width 77 =0.03, 0.3 and 1.0, respectively. The
results marked as Direct in Fig. 10 are computed directly from the
pulse boundary conditionusing TDOM. Those marked as Duhamel
are the results calculated from the use of Duhamel’s superposi-
tion theorem based on the solution of the same problem subjected
to a unit step radiation. (See the result in Fig. 9 for the case of
p =0.5. All three Duhamel’s results in Fig. 10 are based on that
one solution.) It is seen that the pulsed responses integrated from
Duhamel’s superpositiontheorem match excellently the direct sim-
ulations. The slight difference can be attributed to the errors in the
process of numerical integration. Hence, Duhamel’s superposition
theorem can be applied to the study of pulsed radiation propaga-
tion, and it saves computational resources and efforts because only
one solution correspondingto a unit step radiation problem can be
used for different problems subjected to various input pulse shapes
and widths.

In Fig. 10, the broadening of the transmitted pulses is clearly
seen. The long decaying tail is observed for the three selected inci-
dent pulses. When the incident square pulse width is 17 = 0.03, the
transmitted pulse width (full width at half maximum) is larger than
0.1. With the increase of incident pulse width, the magnitude of the
transmittance increases.

V. Conclusions

The discrete ordinates method is developed for the first time to
study transient radiative transfer in three-dimensional rectangular

enclosures of scattering, absorbing, and emitting media. The tran-
sient formulationis feasible for both transientand steady-state anal-
yses. The results of this method match excellently with benchmark
cases available in the literature for steady-state analysis. The pre-
dicted temporal distributions of transmittance and reflectance agree
closely to those by MC simulation. To minimize the false radiation
propagation due to weighted differencing scheme and the numer-
ical diffusion due to finite difference, finer sizes of grid and time
step are required. It is found that the dimensionlesstime step should
be less than the dimensionless spatial grid. The ray effect can be
improved by increasing the number of discrete ordinates. Some of
the merits of the method in transient analysis are as follows: 1) It
is well developed and commonly used in steady-state analysis. 2) It
is algorithmically simple and compatible with CFD codes. 3) The
requirement of computer resources is uncritical. 4) It can be used to
deal with optically very thick medium. It also possessesthe common
merits and drawbacks of DOM method in steady-state analysis. An
obvious disadvantagein transient analysis is that the numerical dif-
fusion and false propagationare inevitable. This makes it difficult to
capture precisely the abruptrising of a transmitted radiation pulse.
Parametric studies show that with the increases of optical thick-
ness, scatteringalbedo,and boundaryreflectivity, the transienttrans-
mittance and reflectance develop more slowly, and they experiencea
longertime variation.In pulsedradiation transfer, this means that the
transmitted pulse becomes wider. The temporal behavior is a func-
tion of medium optical thickness, scattering albedo, and boundary
reflectivity. Duhamel’s superposition theorem can be used to study
pulsed radiation response subject to various incident pulse shapes.
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